SAVIN’S e-REGULARITY THEOREM FOR LOCALLY UNIFORMLY
ELLIPTIC EQUATIONS

FAN ZHENYU

ABSTRACT. In this note, we give a simple and clear proof of Savin’s e-regularity the-

orem [Sav(7].
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1. INTRODUCTION
1.1. Background. We consider the fully nonlinear equation
(1.1) F(D*u) =0 in By,
where F': S"*™ — R is a smooth function.

Definition 1.1. (1) F is said to be elliptic, if F(M +N) > F(M) for any M, N € S"*"
with N > 0.

(2) F is said to be uniformly elliptic, if there are constants 0 < A < A, such that
M|N|| < F(M + N) — F(M) < A||N|| for any M, N € S™™ with N > 0.

(3) F is said to be p-uniformly elliptic or locally uniformly elliptic, if there are
constants 0 < A < A, such that A\|N| < F(M + N) — F(M) < A||N|| for any M,N €
S with [|[M||, ||N]| < p and N > 0.

Remark 1.2. Locally uniformly elliptic equation means that the equation becomes uni-
formly elliptic if we have a priori Hessian bound on the solution. Many important
fully nonlinear equations are locally uniformly elliptic, e.g. Monge-Ampere equations,
k-Hessian equations, special Lagrangian equations.
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We first briefly review the regularity theory of uniformly elliptic equation. Let u be a
viscosity solution to .

e In 50s, for two dimensional case, Nirenberg proved that u is smooth.

e In 80s, due to Krylov-Safanov’s Harnack inequality, one can show that u € C1®
for some universal a.

e If we require F is convex or concave in additional, Evans-Krylov proved that
u € C*% hence smooth by Schauder theory and bootstrap argument.

e Many authors weaken the convexity /concavity condition in Evans-Krylov theory.
See Calffarelli-Cabré, Caffarelli-Yuan, Collins.

e For general F, one cannot expect the C>® regularity, due to the counterexample
of Nadirashivili.

1.2. Main theorem. Assume F satisfies the following hypothesis:
H1) F is elliptic and p-uniformly elliptic;
H2) F(0) = 0;
H3) |D?F| < K.

Theorem 1.3. Let F satisfy H1)-H3), and let u is a viscosity solution to
F(D*u) =0 in By.

Then there exist constants §,C > 0, depending only on n,p, \, A and K, such that if
[ul| Loo(py) < 0, then u € C*%(By /o) with

lullc2a(p, ) < C.

2. APPLICATIONS
3. WEAK HARNACK INEQUALITY AND HOLDER REGULARITY

In this section, we establish the weak Harnack inequality for locally uniformly elliptic
equation, then use it to derive the partial C%® estimate.

3.1. Preliminary. For any a > 0, y € B;, we denote the quadratic polynomial
Pyy(z) = —g|x — y|* + const

to be a concave paraboloid centered at y of opening a.

Given V C By, for any a > 0 and y € V, we can slide the paraboloid P, from below
until it touches u by below at some point = € B;. We note that such touch point must
exist, since P,, touches u from below at z if and only if z is the minimum point of
u(z) + 4|z — y|* over By. We collect all touch points, and denote the set of touch points
by T,(V). Equivalently,

— .. Yir g2 =i 9P
To(V) = {a: : Jy € V,such that u(z) + 2]3: y| ngf (u(z) + 2]z Y| )} .

The first lemma states that if u is a supersolution and the opening a is small, then
the measure of the set of touch points can control the measure of the set of centers.
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Lemma 3.1. Let F satisfy H1), and let u is a supersolution of . Set~y = (n—l)%—i—z
Assume a < g andV C By. If T,(V) C By, then

1
g
Proof. We only prove this Lemma for u € C?, for general case, one can use Jensen’s

e-envelope approximation argument.
For any x € T,(V), there exists a y € V, such that

Ta(V)| = V1.

a2 a 2
u(@) + Slo =y = inf (u(z)+ |z —yP)

z€Bq
Since x € By is the interior minimum point, we have
Vu(x) +alx —y) =0,
D?u(x) +al > 0.

The first identity means y = z + %Vu(x) Therefore, give a touch point in 7,(V'), there
is only one center that corresponds to it. Now, we can define a map

M: T (V) —V
1
x —>y:=x+ —Vu(z).

a
M is clearly surjective, hence from the area forluma, we get
(3.1) V] < / | det M(z)|dx.

a(V)
So far, we haven’t used the equation. Next, we will use the equation to estimate D?u

on To (V).
Claim. —al < D*u < ~yal in T,(V).

The left inequality has been proved. Suppose the right inequality fails, then there
exist 29 € T,(V) and a direction e € S*~!, such that
D?u(z) > yae @ e — al.
Note that the eigenvalues of yae ® e — al are —a,--- ,—a, (v — 1)a. Since ya < p, then
|vae ® e — al|| < p. Since F is elliptic and p-uniformly elliptic, then
0 > F(D*u(zg)) > F(yae @ e — al) > My — 1)a — (n — 1)Aa > 0,
contradiction! Hence the claim holds.
Note that DM (z) = I + 1 D?u(z), then 0 < DM(z) < (1 ++)I in T,(V). Now from
(3.1)), we conclude that
VI < (@ +7)"Ta(V)].

For simplicity, we denote T,(B1) by Ty,.
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Corollary 3.2. Let F satisfy H1), and let u is a supersolution of . Assume p >
po =8y and u > 0. IfinfBl/4u <1, then

TsNB <2'NB
|8\B|1’>” or {u <2} 1|>M’
1

| B1
where = p(n, A\, A) € (0,1).
Proof. We claim that T3(B;,4) C By, then by Lemma we have

1
W|B1/4|-

[ Ts N B1| > |T5(Biy4)| =
Note that Tg(By/4) C {u < 2} is obvious.
It remains to prove the claim. For any x € Ty(B/4), there exists y € B /4, such that
x is the minimum point of u(z) + 4|z — z|?>. We only need to rule out the possibility that
it takes the minimum at 0B;.
For z € OBy, since u > 0, then we have u(z) + 4]z — y|? > 4-(3/4)? = 9/4.
On the other hand, since infp, , u < 1, then there exists x1 € By 4, such that u(xy) <

1, then u(z1) + 4|1 — y|*> < 2. The claim easily holds. O

In the above argument, it is important to assume the touch point belongs to the
interior of the ball, unless we cannot get the information of Vu and D?u at the touch
point.

The next lemma is from a natural observation. If there is a touch point in the interior,
then we enlarge the opening of the paraboloid and perturb the center slightly, then the
corresponding touch points also belong to the interior.

Lemma 3.3. Let F satisfy H1), and let u is a nonegative supersolution of . Then
there exists a universal M = M(n,\,A) > 1, such that if Ma < g, B,(xy) C By,
T, N By(xg) # @, then

| Tvia N By (20)] > u,

| B (20)|

where = p(n, A\, A) € (0,1).
Proof. Assume z1 € T, N B,.(x0), then there exists a y; € By, such that the paraboloid

a a

Pay, (x) = —§’$ —1|* + u(e) + §|931 —ul?
touches u from below at x1. Next, we will enlarge the opening a to Ma and perturb
the center gy slightly, we will show that the corresponding touch points also belong to
B, (o). We divide the proof into 3 steps.
Step 1. We claim that 32 € B, /2(w0) and Cy = Co(n, A, A) > 0, such that
u(w2) — Pay, (12) < Coar?.

To see this, we consider the barrier function

0(o) = Pup(a) +arte (5701,
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where
¢@y_{yrm—1) for L <t <1,
31 1
7(2p_1) fOI't< 5.
Set w3 be the minimum point of u — 9 over By(xg).

Note that F(D?y) > 0 in B,(20) \ Brj2(z0) provided p is universal large. By the
definition of viscosity solutions or comparison principle. u—1 cannot attain its minimum
in By(zo0) \ By2(20), that is 2o ¢ B.(w0) \ B, /2(20)-

For z € 0B, (xg), we have

However,
M“)¢“@:“@ﬂ%M@ﬂ=w%<mtfm)<0

Therefore xo ¢ 0B, (x0).
Finally, we have zo € B, /5(z0) with (u —1)(z2) < 0. Since ¢ < Cp for universal Cy,
then

u(w2) < () < Puy, (22) + Coar?.

Step 2. We show that Ty (V) C By (x0) with

- /(1 M-1
V=B u (yl + $2> .
8M

M M
For any € Thsq(y), there exists y € V, such that the paraboloid
Ma ~ .  Ma __ _
Prrag(T) = —7|$ — P +u(@) + 7|1‘ — g

touches u from below at Z.
Now we have two inequalities

P,y () <u(z) in B, with equality at z;
Pprog(z) <wu(x) in By, with equality at z.

We first examine the difference of this two paraboloid, note that

Ma - a
PMa,ﬂ(l‘) — Pay, () = _7|~’C - y|2 + §|:c — y1|2 + Const
M —1)a
= —(2)\37 -y "+ R,
where y* = % and R denote the remainder constant term. Since y € V, by the

definition of V', we have y* € B, g(72).
To estimate the remainder term R, we note that
(M —1)a

5 r =y + B = Paegle) <u(w) in By,

Poy, (7) —



6 FAN ZHENYU

then, at the point x5, by Step 1, we get

M —1)a N
R < u(w) ~ Pag(ea) + O D0,
M—-1 M—-1
< 2 2: 2.
< Coar® + 28 (CO+ 198 )ar

Our goal is to show that € B, (xg), thus we need to estimate |z — zg|. To do this,
we first estimate |z — y*|. Since

0 < u(®) = Pay, () = Pra(T) = Pay, (7)

M—-1)a, .
=MD g,
2
then
2 2C 1
~ *|2 0 2
- <—R< — )2
Tyl < et s (M—1+64>T
Hence, |z — y*| < § provided M is universal large. Finally,
T I~ * * r r r
@ —zol <7 =y + |y —wol oz —wo| < T+ g5 <

Step 3. Conclusion. By Lemma [3.1] we have

M —1\"
|Trra N Br(xo)| > [Tara(V)| > |V > ¢ (r i ) =cr”,

which implies
[ Thia N By (20)|
| By (o)
for some universal p € (0,1). O

>

We also need the following covering lemma.

Lemma 3.4. Let E C F C By, with E # &, and let p € (0,1). If for any ball B C By
with BN E # @&, we have |BNF| > u|B|, then

B\FI < (1- L) 1B\ B,

Corollary 3.5. Let F satisfy H1), and let u is a nonnegative supersolution of .
Assume p > pg := 8. Ifinfp, ,u <1, then

lnﬁ.

InM  pg
where M s the constant in Lemma[3.5 and 6 = 6(n, X\, A) € (0,1).

1By \ Typpe| < Cn(1 — )% provided 1 < k <

Proof. We prove this corollary by induction. For k = 1, the result follows from Corollary
Assume this result holds for k—1. Denote E = Tgyx-1NBy and F = Tgpx N By, then
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E C F C By. For any ball B = B,(x¢) C By with BNE # @, that is Tgyx—1 N By (z9) #
@. By Lemma [3.3] we have

T NnB 1
M > provided 8M k< B, or equivalently £k < ——1In L.
|B v In M po
Hence, by Lemma [3.4] we have |B; \ F| < (1 —57"u)|B; \ E|, that is

7]
B\ Typge| < (1= 5 ) 1B1\ Tapga| < (1= 0)F,

1
= I and if we take 6 = 5 "4 O

provided k < ma o

A direct consequence of Lemma [3.5]is the following weak L® estimate.

Corollary 3.6 (Weak L¢ estimate). Under the hypothesis of Corollary we have
{u>t}NBy| <Ot for0<t< 17’%,

where € = g(n, A\, A) > 0.

Proof. Since infp, , u < 1, then Ty C {u <1+ 16M*}  {u < 17TM*}. For 17 < t <

QOpﬁO, there exists k € N, such that 17M* < ¢t < 17M**1 that is, k = [ﬁ In %7] Since

t < 17;%’ then k < lnlM In p%' Hence, by Lemma we get

{u >t} N By < [{u>1416M*}Y N B;| < |By\ Tgyr| < (1—0)F < Ct=.
For 0 <t <17, the result holds clearly. [l

The weak L¢ estimate implies the following weak Harnack inequality.

Theorem 3.7 (Weak Harnack). Let F' satisfy H1), and let u is a nonnegative supersolu-
tion of . Assume p > pg and infB1/4 u < p%' Then there exists g = 9(n, A, A) > 0,
such that

nf wu,

<Ci
||UP||L50(Bl/4) = ém

where C' = C(n,\,A) >0 and

uy(z) = u(z), if u(z) <17p/po,
p 0 if u(x) > 17p/po.

. . p _ . _ .
Proof. Set B := 1nfBl/4u < o5 and v = u/B, then 1nf31/4v = 1. Moreover, v is

a nonnegative supersolution to F(D?v) < 0, where F(-) = £F(B-). Note that F is
£-uniformly elliptic with same ellipticity constants 0 < A < A. By Corollary we
have

{o>t}NB| < Ct, for0o<t<iT-.
poB
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Set v, = u,/B and €y = /2, then we have

o0
/ |0 — 50/ 1071 {u, > £} N By | dt
B1 0

P

1 17+
<ep (/ |Bl/4‘ dt + / 0P tao_ll{v > t} N Bl| dt)
0 1

17508
POZ L eo—1—¢
§50’Bl/4|+0/ t dt
1
<cC

Hence, va||Leo(Bl/4) < C, which means |lu,||z0(p,,,) < OB = Cinfp, , u. O

Biya

Theorem 3.8 (Holder regularity). Let F satisfy H1), and let u is a viscosity solution
of . Assume p > 2po and |[ul|pe(p,) < 1, then

2
oscg,u < Cr®,  for 2P0 <r<I1.
V p

where C > 0, € (0,1) are universal constant depending only on n, A, A.

Proof. We only need to prove

1 p
n—.
2Ind  2pg

where C, k are universal. We prove it by induction. For k = 0, it holds obviously. Assume
it holds for k, set 7, = 47, M}, = SUpp, _, U, My = infBrk u and wy = My, — my.

oscp, ,u < c(1- /@)k, for0<k<

WLOG, assume that wy > 7",%. Consider the rescaled function

v(y) _ U(Tky) — my

9 €B7
M, — my, Y 1

~ ~ 2 ~
then v is a viscosity solution to F'(D?v) = 0 with F(-) = %F (%) Note that F' is
k

’f'2 . . . . . o .
w—’; p-uniformly elliptic with same ellipticity constants 0 < A < A.
Since 0 < v <1 with oscp,v = 1, then only one of following holds:
> <
fvz1/24nBf 1 - [{w<1/2inB| 1
| B1| 2 | B1 2
WLOG, assume the first case holds. Note that [[u[|ze(p,) < 1, then wj, < 2. Since

1 p
kémln%,theﬂ

r,% 4k
—p = —p 2 po-
Wk

Therefore, we applying Lemma to conclude that

co < vz, plle0(B, ) < C’érll/f4v.
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o . o o . m — M
This implies infp, , v > & for some universal «, then % > k. Hence,

Wit1 = My — My < My — myq < (1= w)wg < (1 — g)FFL

O

By translation, we have the following corollary which is useful in our future compact-
ness argument.

Corollary 3.9. Let F satisfy H1), and let u is a viscosity solution of . Assume
p>2po and |[ul|pec(p) < 1, then
«@ 2p0 1
0SCR, (z0)U < CT%,  for any xo € By/y and 7 <r< 3
where C > 0, € (0,1) are universal constant depending only on n, A, A.
Consequently,

1

2
[u(z1) — u(z2)| < Clar — 2|, for any x1,22 € Byyp and 4 % < |z —@o] < 5

4. PROOF OF THEOREM [L.3]

Lemma 4.1 (Improvement of flatness). Let F' satisfy H1)-H3), and let u be a viscosity
solution to

F(D*u) =0 in Bi.

There exists universal constants &g > 0, n € (0,1) and C > 0, which depend only on
n, A\, A, p and K, such that if |[ul| e (p,) < b0, then there exists a quadratic polynomial
P with F(D?*P) = 0, such that

|P| < Csuplu|l and sup|u— P|<n*Tsup|ul.
By By 1

Proof. We prove this lemma by contradiction. If this lemma fails, for universal n € (0, 1)
and C' > 0 to be chosen later, there exist {Fj} and {uy} such that

o {F}} satisfy H1)-H3);

e F}.(D?u;) = 0 in By in viscosity sense;

o 0 :=supp, |u| — 0;

e For any k, and any quadratic polynomial P with Fj,(D?P) = 0 and P < C6, we
have supp, |uy — P| > sy

Step 1. Passing to limit.

Since {F},, } are p-uniformly elliptic, and ||DF,,|| < K, then by Arzela-Ascoli theorem,
up to subsequence, DF,, converges to some matrix-valued function A locally uniformly
in the p-neighborhood of the origin in S™*".

Consider v, = 5k_luk, then vy satisfies Fi(D?v) = 0 in the viscosity sense, where

Fi() = 0y 'F(8-). Note that F}, is 5k_1p—uniformly elliptic. For sufficiently large k, we
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have 5,;1 p > 2pg. Thus we can apply Corollary for vy to get

200 1
log (1) — vk (x2)| < Cloy — x2|®,  for any x1, 22 € Byjp and 6_'01[) <lrp —xo] < 7
k

Set di, = , /;ff’p. Since §; — 0, then for any € > 0, there exists kg € NT, such that
k
20dy < e for any k > ko. Now for any x1,x9 € B9, with |21 —z2| < dj,, we can choose

r3 € Byjy such that |z — 23| = |22 — 23| = di,. Now for any k > ko, we have
v (21) — vp(z2)] < |ok(21) — ve(23)] + [vr(22) — vi(23)| < 2C0;, <e.
Therefore, {vy} is equicontinuous. By Arzela-Ascoli theorem, up to subsequence, vy — vy

in C(B]_/Q)

Step 2. vy is the viscosity solution to A% (0)D;;vy = 0 in By/a.
For any xp € By, and ¢ € C? such that ¢ touches vy by above at zg. Then for

sufficiently large k, ¢ touches vy = 5k_luk by above at some zp € Bjjp. Thus g
touches uy by above at xx. Then

0 < Fr (6 D*p(x1)) = / aFk(tDst(ﬁk)) dt = / EF? (tD*o(xk)) Dijep(y) dt
0 0

ok . -
= /0 FJ(0)Digplan) + (F (tD%p()) ~ F(0)) Dijepla) dt.
g g2
<G O)Dyg(n) + [ KD ()| de
0
5
= 5. (YO Digpton) + LRID ol

Here F,?(M) = ggfj (M). Therefore, F,ij(O)Dijga(xk) + %’“KHD%@(:@)HQ > 0, send-
ing k — oo, we get AY(0)D;;¢(xo) > 0. This implies v is a viscosity subsolution to
AY (0)D;jvg = 0. Similarly, we can also prove that vg is a supersolution.

Step 3. Derive the contradiction.

Since F}, is p-uniformly elliptic, then \I < (F ,z](O)) < AI, passing to limit, we get
A < (A%(0)) < AL Therefore, vy is the viscosity solution to a linear uniformly elliptic
equation with constant coefficients. Moreover, [|vol|fe(p, ,) < 1, then vy € C(By2),
with ||Dk'U(]”Loo(Bl/4) < C =C(n,k,\ A). Let P be the quadratic Taylor polynomial of
vg, that is P(z) = v(0) + Vug(0) - 2 + 227 D?vg(0)z, then |P| < C = C(n, A, A) and

1
sup [ug — P| < Cn* < o™,

n

provided Cnl= < 1/2.
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Note that

ﬂ@ﬂﬂP%:/ ;fuﬂﬂmdh:/ FJ(tD*P)D;; P dt
0 0

. 52
< 8k (0)Dy; P+ 2 K||D*P|?
= 0(0g)-

Since Fy is p-uniformly elliptic, then for k large, there exists ar = o0(dx), such that
Py() := 0p P(x) + ag|x|? satisfies Fy(D?P;) = 0 and | P| < C6j. Now,

sup [uy — Py| = sup [ug, — 6 P — ag|z[?|

n BTI
< & | sup
B"I

< &g (sup |vg — vo| + sup |vg — P| + 0(1)772>
B B

n n

Uk ak 9
2k pl g Bk
5 ‘+5k”>

< (ol + P + olt)?)

< 6kn2+av
for sufficiently large k. This leads a contradiction. O

Finally, applying Caffarelli’s iteration argument, we get the interior C*“ estimate for
flat solutions.

Lemma 4.2. Under the hypothesis of Lemma if ||ullLoe(B) = 6 < do, then there
exists a quadratic polynomial P with F(D*P) =0 and |P| < C§, such that

lu(x) — P(x)| < Co|z|*T®,  for any x € By.

Proof. This proof is standard, see
Step 1. We construct a sequence quadratic polynomial {P;}2°, such that

F(D?>P,) =0, and sup|u— Py| < ontek,

nk

We prove it by induction. For &k = 0, Py = 0 is desired. Assume it holds for k, consider
the rescaled function

7 ,x€B) and F():=F(-+D*P).

Then |[|tf|peo(p,) < dnF* < 6y, by Lemma there exists a quadratic polynomial P,
such that F(D?Py) = 0, | P| < Csupp, |a| < Con** and

sup |u — ﬁk] < n?T%sup lu| < 5nko‘n2+o‘.
B

n 1
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Transform back to u and denote Pyi1(z) = Py(z) + UQkﬁk(??_k:L“), we have
F(D*Pyi1) =0 and  sup |u— Pyyq| < opPto)+D),

B k11
n
Step 2. Show that {Py} will converge, and the limit is our desired polynomial.
By the construction in Step 1, Pyy1 — Pr = n?*Py(n~"z). Assume Py(z) = ay, + by, -
x + 27 Crz, since | P| < Con*®, we have |ag| + |bx| + ||Ck|| < Con**. Now
Piy1(x) — Py(x) = n*ay, + by, -z + 2T Cp.

Since Y n?*|ag|, > n*|bk|, Y [|Ck|| converge, then >3 (Pr+1 — Py) converges. Thus
limy_,o0 Py = P for some quadratic polynomial P. Moreover, F(D?P) = 0. Since

P(x) = (Z n2kak> + (Z nkbk> sz 4 xl (Z C’k> x,
k=0 k=0 k=0

it is clearly that
|P| < C8, and sup|P — P| < Contek,

nk

Finally, for any = € By, there exists k € N, such that n*+1 < |z| < 0¥, then
ju(z) — P(z)| < |u(z) — Pe(z)| + |[P(z) — Py(x)|
< 5n(2+a)k + 0(577(2+a)k
< C8|z|> T



SAVIN’S e-REGULARITY THEOREM FOR LOCALLY UNIFORMLY ELLIPTIC EQUATIONS 13

REFERENCES

[Sav07] Ovidiu Savin, Small perturbation solutions for elliptic equations, Comm. Partial Differential
Equations 32 (2007), no. 4-6, 557-578. MR 2334822



	1. Introduction
	1.1. Background
	1.2. Main theorem

	2. Applications
	3. Weak Harnack inequality and Hölder regularity
	3.1. Preliminary

	4. Proof of Theorem 1.3
	References

