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ABSTRACT. In this note, we will collect some interested small results about elliptic
PDE and geometric analysis.
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1. NEW PROOF OF EVANS-KRYLOV THEOREM

In this section, we present a new proof of Evans-Krylov theorem which is due to L.
Caffarelli and L. Silvestre [CS10].

Theorem 1.1 (Evans-Krylov). Let F' be a fully nonlinear, convex, uniformly elliptic
operator with F(0) = 0. Assume that u is a smooth solution to F(D?*u) = 0 in By, then

ullcza(p, ) < Cllulleras,),
where C' depends only on n and the ellipticity constants of F'.

The proof is based on two facts: Krylov-Safanov Harnack inequality and the uniform
ellipticity of F.

First, we recall K-S Harnack inequality. Consider the linear uniformly elliptic operatpr
L = ai;0;5, where A\I < (a;;) < AI. K-S estimates contains two parts:

1) (Local maximum principle) Let v be a subsolution to Lv > 0 in By, with 0 < v < 1,
then

[0l Lo (B, ) < CH{v > 0} N By al.

2) (Weak Harnack/ L¢ estimate) Let v be a nonnegative supersolution to Lv < 0 with
infp, ;2 U =1, then v belongs to weak L* for some uniformly small ¢, that is

[{v >t} N Byl < Ct.

From the concavity of F, for any direction e € S*~!, the second derivative wu,. satisfies
FZ-]-(DQU)(uee)ij < 0, which means that wu. is a supersolution to the linearized equation.
Then we can get a one-side control on D?u.

For the other side, we need a natural observation. Since F' is uniformly elliptic and
F(0) = 0, then the positive part and the negative part of D?u is comparable, this improve
the one-side control to two-side control.

Now we proceed the proof of Theorem 1. By scaling, we may assume ||ul|c11(p,) = 1,
it suffices to show that the Holder modulus of D?u has a universal bound. For any
subspace V' C R”, we define

k
w(z,V) = Ayu(z) = Zngu,
i=1
where {e1,--- ,er} is an orthonormal basis of V. From the discussion above, w is a

supersolution to the linearized equation. Note that the positive and negative part of
D?u can be expressed by

max w(z, V) =trD?u(z)™; mvin w(z, V) = —trD?u(x)".
By the standard iteration argument, the Holder estimate of w follows from the follow-

ing oscillation decay lemma.

Lemma 1.2. There exists a universal constant 0 > 0, such that if

min inf w(z,V) > —1.
V xeB;
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Then,

min inf w(z,V)>-1+6.
14 .Z’EBl/Q

Proof. WLOG, by subtracting some quadratic polynomial, we may assume D?u(0) = 0.
Let 6 > 0 small to be chosen later. Denote L = F;;0;; be the linearized operator.

We shall prove this lemma by contradiction. If there exist 9 € By, and a subspace
Vo such that w(zg, Vy) < —146. Consider v(z) = w(x, Vy)+1, then Lv < 0in By, v > 0
and v(zg) = 0. Note that infp, , v < 6.

Set © = {v < VB0 = {w(-,Vy) < —1 + V6}. Applying the LF estimate to 0 =
v/imel/2 v, we get

9 —&
{v> V0N Byl = {0 >V0/ inf v} N By p| < C L < OO/
Bi)a 1nfBl/2 v
thus |By 4\ Q| < CO°/2.
In Q, 1—-+v0 < —w(x,V) < trD?u(x)” < 1. On the other hand, denote V* be the
orthogonal complement of V| then
w(x, V) +w(z, V) = Au(z) = trD?u(z)t — trD?u(x) .
Then,
0 < trD%*u(z)T —w(z, VY = w(z, V) + trD?>u(z)~ < V0.
Therefore, for § small, we have
—w(z, V) ~ trD*u(z)” ~ trD%u(z)" ~ w(z, V) ~ 1, in Q.
Hence, there exists a universal 0 < ¢ < 1, such that w(z, V1) > ¢ in Q. Finally, we
consider h(z) = (¢ — w(z, V+))" in By 4. Then,
2) 0<h<2in By
3) v(0) = ¢
4) v =01n Q.
Applying the local maximum principle to h, we get
c<suph < C{h>0}N Byl <C|Byy\Q < 0o/
By s

Taking 6 sufficiently small, we get a contradiction. O
An easy consequence of the Evans-Krylov estimate is the following Liouville theorem.

Theorem 1.3. Let F be a fully nonlinear, convexr, uniformly elliptic operator with
F(0) = 0. Assume u is a smooth solution to F(D?*u) = 0 in R™ with bounded Hes-
stan. Then u is a quadratic polynomial.
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