9/11-25. Maximum principle argument for Korevaar’s estimate.

Proposition 2. Let u € C3(By) be a smooth solution to the scalar curvature equation oa(k(u)) = fo
on By for some constant fy > 0. Then we have the following gradient estimate:

Du(O)] < Ca(n)exp {Ca(n) (1+ Vfo) M2},
where M = supp, u — u.

Same as before, we compute using the moving orthonormal frame on the graph ¥ = (z, u(x)).

Let {F1,---, By, Eny1} be the standard orthonormal coordinates of R**!, and {e1,--- ,e,, v} be an
orthonormal frame on .. There are following well-known fundamental equations for hypersurfaces
in R

o X;=¢;, X;j=—hyv (Gauss formula)

o v; = hyje; (Weingarten equation)

o Niji = higj (Codazzi equation)

Rijrl = hikhji — hihji (Gauss equation)

where h;; is the second fundamental form of X, and h;ji, = Ve, hij, hijri = Ve, Ve, hij. Riji is the
curvature tensor of X.
The function u can be viewed as a function on ¥ by u = (X, Ej,41). Then

h. .
Ui = (ei, Eny1),  wij = —hij(v, Ep1) = #
Under the orthonormal frame {ej,--- ,e,, v}, the sigma-2 curvature equation is

2
oa(k) = oo(hij) = % [H? — |A]?] (Z hn> - Z hii| = fo, (1)

where H = ), hj; is the mean curvature of ¥. Take the covariant derivative with respect to e, we
get the linearized equation:

Fhj =0, (2)
where F = g}% = Hd;; — hyj. Note that (F*) is positive definite, if A(h;;) € Ta.
Now we are ready to prove Proposition 2.

Proof. By replacing u by u —supp, u, we may assume that v < 0 and u(0) = —uo for some ug > 0.

Consider the following test function P = nW, where W = /1 + |Du/?
be a cutoff function, where

VE+1 andn—hoap

+
h(t) = et — 1, for large K to be fixed later, Y= <2u +1- \3:|2> :
ug

Since |z]? = |X|* — u?, we can also view ¢ as a function on ¥. Hereafter, all computation are
performed on 3.

Claim (Jacobi inequality). We have FijWZ-j > 2FijWin/W.



Proof. This result follows from straightforward computations. Compute the derivatives of W, we
have

W, W;
W; = hikukWZ, and Wij = hl-jkusz + hikhjkW + 2 L

From the positive definiteness of (F) and the linearized equation (2), we obtain

g FUW. W g iy
FIW; = 2=t > F9hijuW? + F9hhj W > 0.
#
Suppose that P attains its positive maximum at xg € B;. By choosing {e1,--- ,e,} appropri-
ately, we can assume that Vu = uie; at xzg. Thus
u; = (€, Bny1) =0, fori=2,---,n,
and
1 Du
ur = (e, Bnt1) = V1= (1 En1)? =\ [1 - 575 = ’W|
At the maximum point zg, we have
0=PF; =W +nW;, (3)
0> FY Py = (FY0i)W + 2 Wj + nFY Wij. (4)
Substituting (3) and the Jacobi inequality into (4), we obtain
OZFijnij7 — OZKFijtpi(pj—i-Fingij. (5)

Next, we compute the derivatives of . Since zq is the positive maximum point, we know that
¢ is positive near xg. Hence, ¢ = u/2ug + 1 — | X|? + u? near zg. We have at g,

Uy

0 —2(X, e;) + 2uu;,

- 2up
Usis
PYij = T?ijo — 26@']’ + thj (X, V> + 2uiu]~ + QUUU‘.

(6)

Therefore,
Fp; = .2 § F" 4+ 2F9h; (X 2F9uu; +2—FY hyj.
Pij QUOW + z]< ;V> + U Ug + W ij
>0 =0
Since Y F% = (n—1)H, FYh;; = 2fy > 0 and
U x-Du—u U z - Du
Xov) + 37 W W w <

We conclude that -
sz(pz‘j Z —C’(n)(H + f())

Claim. If |Du| > A := max{8nuy, 1}, then we have F¥p,;p; > H/32u3.



Proof of Claim. Note that
Fiigip; = Fl}+23 Flipigi+ Y Fipy;.
i>2 0,j>2

>0

For the first term. Since X =Y ;_ (X, Ex)E; + uE,41, we know that

n n
—<X, e1> +uup = — Z(X, Ek><Ek, 61> —u<61, En+1> +uup = — Z<Xv7 Ek><Ek, €1>.
k=1 . k=1
Moreover, for k=1,--- ,n, we have
| Du? 1
(Er,e1)? <1— (Bupr,e1)’ =1 - W T e
Therefore, we conclude that
n
| = (X, e1) +uw| < kz (X, E) W'
From (6), we obtain
L o(— (X, er) + )>1<| u 2>>
— ,€ uuy) > — n| > ,
1= 2u0 ! ! w 2U0 4\/§U0

provided Du > A := max{8nug, 1}. Then from the DP = 0 equation (3), we have

KeK¢
hu’ulWQ = W1 = —EW = —&
n n

W<0, = hi1<0.

Consequently, F1' = H — hy; > H, thus F1¢? > 321;{%.

For the second term, using the DP = 0 equation (3) again, for ¢ > 2, we have
nui W
KeKe

0= KngngiW + 77h1ﬂL1W2, - Qi = — hi;.

Therefore,
~ nui W
ZF“@%‘ =¥ Z —hiip; = P1yroRe Z hi; >0
i>2 i>2 i>2
The proof of claim is complete. #

Now (5) implies that

H
0>K—5 —C(n)(H .
> K~ COO(H + o
If we take K sufficiently large, so that

oH + fo
H bl

K =C(n)(1+/fo)ud > C(n)ud

this leads a contradiction. Thus the hypothesis in the above claim fails, it yields |[Du| < A at the
maximum point xg.



Finally, we conclude that

n(0)y/1 + [Du(0)[2 = P(0) < P(xp) < (e —1)v/1+ A2

Since 19 = /2 — 1, we have
VIt
IDu(0)] < “r— e < O(n) exp{C(n)(1+ v/ fo)ug}.
——
<C(n)
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