
9/11-25. Maximum principle argument for Korevaar’s estimate.

Proposition 2. Let u ∈ C3(B1) be a smooth solution to the scalar curvature equation σ2(κ(u)) = f0
on B1 for some constant f0 > 0. Then we have the following gradient estimate:

|Du(0)| ≤ C1(n) exp
{
C2(n)

(
1 +

√
f0

)
M2
}
,

where M = supB1
u− u.

Same as before, we compute using the moving orthonormal frame on the graph Σ = (x, u(x)).
Let {E1, · · · , En, En+1} be the standard orthonormal coordinates of Rn+1, and {e1, · · · , en, ν} be an
orthonormal frame on Σ. There are following well-known fundamental equations for hypersurfaces
in Rn+1:

• Xi = ei, Xij = −hijν (Gauss formula)

• νi = hijej (Weingarten equation)

• hijk = hikj (Codazzi equation)

• Rijkl = hikhjl − hilhjk (Gauss equation)

where hij is the second fundamental form of Σ, and hijk = ∇ekhij , hijkl = ∇el∇ekhij . Rijkl is the
curvature tensor of Σ.

The function u can be viewed as a function on Σ by u = ⟨X,En+1⟩. Then

ui = ⟨ei, En+1⟩, uij = −hij⟨ν,En+1⟩ =
hij
W

.

Under the orthonormal frame {e1, · · · , en, ν}, the sigma-2 curvature equation is

σ2(κ) = σ2(hij) =
1

2

[
H2 − |A|2

]
=

1

2

(∑
i

hii

)2

−
∑
i,j

h2ij

 = f0, (1)

where H =
∑

i hii is the mean curvature of Σ. Take the covariant derivative with respect to ek, we
get the linearized equation:

F ijhijk = 0, (2)

where F ij = ∂σ2
∂hij

= Hδij − hij . Note that (F ij) is positive definite, if λ(hij) ∈ Γ2.

Now we are ready to prove Proposition 2.

Proof. By replacing u by u− supB1
u, we may assume that u ≤ 0 and u(0) = −u0 for some u0 ≥ 0.

Consider the following test function P = ηW , whereW =
√
1 + |Du|2 = − 1

⟨ν,En+1⟩ and η = h◦φ
be a cutoff function, where

h(t) = eKt − 1, for large K to be fixed later, φ =

(
u

2u0
+ 1− |x|2

)+

.

Since |x|2 = |X|2 − u2, we can also view φ as a function on Σ. Hereafter, all computation are
performed on Σ.

Claim (Jacobi inequality). We have F ijWij ≥ 2F ijWiWj/W .
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Proof. This result follows from straightforward computations. Compute the derivatives of W , we
have

Wi = hikukW
2, and Wij = hijkukW

2 + hikhjkW + 2
WiWj

W
.

From the positive definiteness of (F ij) and the linearized equation (2), we obtain

F ijWij − 2
F ijWiWj

W
≥ F ijhijkukW

2 + F ijhikhjkW ≥ 0.

#
Suppose that P attains its positive maximum at x0 ∈ B1. By choosing {e1, · · · , en} appropri-

ately, we can assume that ∇u = u1e1 at x0. Thus

ui = ⟨ei, En+1⟩ = 0, for i = 2, · · · , n,

and

u1 = ⟨e1, En+1⟩ =
√

1− ⟨ν,En+1⟩2 =
√

1− 1

W 2
=

|Du|
W

.

At the maximum point x0, we have

0 = Pi = ηiW + ηWi, (3)

and
0 ≥ F ijPij = (F ijηij)W + 2F ijηiWj + ηF ijWij . (4)

Substituting (3) and the Jacobi inequality into (4), we obtain

0 ≥ F ijηij , =⇒ 0 ≥ KF ijφiφj + F ijφij . (5)

Next, we compute the derivatives of φ. Since x0 is the positive maximum point, we know that
φ is positive near x0. Hence, φ = u/2u0 + 1− |X|2 + u2 near x0. We have at x0,

φi =
ui
2u0

− 2⟨X, ei⟩+ 2uui,

φij =
uij
2u0

− 2δij + 2hij⟨X, ν⟩+ 2uiuj + 2uuij .
(6)

Therefore,

F ijφij =
F ijhij
2u0W︸ ︷︷ ︸

≥0

−2
∑

F ii + 2F ijhij⟨X, ν⟩+ 2F ijuiuj︸ ︷︷ ︸
≥0

+2
u

W
F ijhij .

Since
∑

F ii = (n− 1)H, F ijhij = 2f0 > 0 and

⟨X, ν⟩+ u

W
=

x ·Du− u

W
+

u

W
=

x ·Du

W
≥ −1.

We conclude that
F ijφij ≥ −C(n)(H + f0).

Claim. If |Du| > A := max{8nu0, 1}, then we have F ijφiφj ≥ H/32u20.
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Proof of Claim. Note that

F ijφiφj = F 11φ2
1 + 2

∑
i≥2

F 1iφ1φi +
∑
i,j≥2

F ijφiφj︸ ︷︷ ︸
≥0

.

For the first term. Since X =
∑n

k=1⟨X,Ek⟩Ek + uEn+1, we know that

−⟨X, e1⟩+ uu1 = −
n∑

k=1

⟨X,Ek⟩⟨Ek, e1⟩−u⟨e1, En+1⟩+ uu1︸ ︷︷ ︸
=0

= −
n∑

k=1

⟨X,Ek⟩⟨Ek, e1⟩.

Moreover, for k = 1, · · · , n, we have

⟨Ek, e1⟩2 ≤ 1− ⟨En+1, e1⟩2 = 1− |Du|2

W 2
=

1

W 2
.

Therefore, we conclude that

| − ⟨X, e1⟩+ uu1| ≤
1

W

n∑
k=1

|⟨X,Ek⟩| ≤
n

W
.

From (6), we obtain

φ1 =
u1
2u0

+ 2(−⟨X, e1⟩+ uu1) ≥
1

W

(
|Du|
2u0

− 2n

)
≥ 1

4
√
2u0

,

provided Du ≥ A := max{8nu0, 1}. Then from the DP = 0 equation (3), we have

h11u1W
2 = W1 = −η1

η
W = −KeKφφ1

η
W < 0, =⇒ h11 < 0.

Consequently, F 11 = H − h11 ≥ H, thus F 11φ2
1 ≥ H

32u2
0
.

For the second term, using the DP = 0 equation (3) again, for i ≥ 2, we have

0 = KeKφφiW + ηh1iu1W
2, =⇒ φi = −ηu1W

KeKφ
h1i.

Therefore, ∑
i≥2

F 1iφ1φi = φ1

∑
i≥2

−h1iφi = φ1
ηu1W

KeKφ

∑
i≥2

h21i ≥ 0.

The proof of claim is complete. #
Now (5) implies that

0 ≥ K
H

32u20
− C(n)(H + f0).

If we take K sufficiently large, so that

K = C(n)(1 +
√
f0)u

2
0 > C(n)u20

H + f0
H

,

this leads a contradiction. Thus the hypothesis in the above claim fails, it yields |Du| ≤ A at the
maximum point x0.
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Finally, we conclude that

η(0)
√

1 + |Du(0)|2 = P (0) ≤ P (x0) ≤ (eK − 1)
√
1 +A2.

Since η0 = eK/2 − 1, we have

|Du(0)| ≤
√
1 +A2

eK/2 − 1︸ ︷︷ ︸
≤C(n)

eK ≤ C(n) exp{C(n)(1 +
√
f0)u

2
0}.
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