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Abstract

In this paper, we study the asymptotic behavior at infinity of solutions to the minimal
surface equation in exterior domains of the half space. We prove that the solution
u tends to a linear function with rate at least x,|x|™". We further establish a higher
order asymptotic expansion. Compared with existing results for exterior domains of
the whole space, we do not require any growth condition or dimensional restriction.
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Blow-down
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1 Introduction

Over the last century, there has been tremendous interest in the Bernstein problem and
the asymptotic behavior at infinity of minimal graphs. The Bernstein theorem states
that any entire minimal graph over R” must be a hyperplane. It was first proved for
n = 2 by Bernstein [5], n = 3 by De Giorgi [12], n = 4 by Almgren [2] and n < 7
by Simons [35]. For n > 8§, there are nonlinear entire minimal graphs constructed by
Bombieri, De Giorgi and Giusti [4]. Under some additional hypotheses, there are many
Liouville-type results. If the solution u has a bounded gradient, Moser [28] proved
that u is linear by Harnack inequality; In [10, 13], # must be linear if we only require
[Vu(x)| = o(|x]).

For the minimal graphs over half spaces and general convex domains, Edelen and
Wang [14] proved the following Bernstein-type result: any solution to the minimal
surface equation over a convex domain with linear boundary condition must be linear.
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Unlike the entire case, their result does not need any growth hypothesis of u or any
dimensional restriction, this is due to the linear boundary condition.

For general anisotropic minimal graphs or stable minimal hypersurfaces, see [27,
29,36] [8, 9, 11, 15, 30] for the corresponding Bernstein results.

The asymptotic behavior of exterior minimal graphs was studied by many authors.
Let u be a solution of the minimal surface equation outside a bounded subset in R”.
For n = 2, Bers [6] proved that Vu is bounded. Simon [40] extended this result for
n < 7. Concerning the asymptotic expansion near infinity, Bers [6] proved that for
n = 2, u tends to a linear function plus c log |x| at infinity with rate at least |x|~!. For
n > 3, under the additional hypothesis Vu is bounded, using the asymptotic behavior
of solutions of uniformly elliptic linear equations, see [16—18, 32-34, 41], u tends to a
linear function with rate at least |x|2~". Furthermore, if Vu — 0 as |x| — 00, Schoen
[31] proved a more precise expansion, as |x| — o0,

n
u(x) =a+blx*" + Z el

j=1

+O0(x™),

x|

for some constants a, b,c; € R. Using Kelvin transforms, Han and Wang [21]
improved this expansion to any order. Similar asymptotic expansions for solutions
of other nonlinear elliptic equations, one can see, [7, 23] for the Monge-Ampere equa-
tion, [22] for the maximal surface equation, [26] for the special Lagrangian equation,
and [25, 26] for general fully nonlinear equations.

The main purpose of this paper is to extend the above asymptotic expansion for
solutions of the minimal surface equation to half spaces. We prove the following result:

Theorem 1.1 Letu € C2(@1\Bl+) be a solution of the minimal surface equation

Uil . =+

Mu=Au— ——u;; =0 inR?\B,,

1+ Va2 Y By (1.1)
ux',0)=Ix"Y=a+b -x on 8R’i\8B+,

where n > 2, R'j_ = {(x',xp) : x, > 0} and | : B]Rff_ = R*! — R is a linear

function.
Then, as |x| — o0, we have

CnXn

(VisP - x7)"

ux)=a+b -x' +byx, +

n

dixix
+>° S+ 0(x| "), (1.2)
i= (VP + - 0?)
for some constants by, c,,, dy, -+ ,d, € Rand any a € (0, 1), where b = (b', by,).

Moreover, for any m > 2,

|VM(X) - b| = 0(|x|_")’ IDmu(x)| — 0(|x|1—n—m)‘
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Here and hereafter, the notation f = O(g) is used to indicate that | f| is bounded
by a constant multiple of |g| for large |x|. We now make some remarks about our main
theorem.

Remark 1.2 We emphasize that in our case of half spaces, we have no requirement on
the dimension or the growth of solutions. This is due to the linear boundary condition
and the rigidity of minimal graphs over half spaces.

Remark 1.3 One can not reduce our result to the asymptotic theorem in exterior
domains of the whole space by reflection. Since the rate of solutions tending to a
linear function at infinity in exterior domains of the half space is faster than in exterior
domains of the whole space, this is due to the linear boundary condition. In particular,
when n = 2, the logarithmic term vanishes.

Remark 1.4 We only focus on the asymptotic behavior of u at infinity, thus the half
ball Bl‘|r which we excluded in the theorem 1.1 is unimportant—it can be replaced by
any compact subset of R’| . Moreover, the regularity of u is also not critical. By the
global regularity of the minimal surface equation and the standard bootstrap argument,
the solution u € Cz(Ki\Bfr) in fact implies that « is smooth up to the boundary in a

smaller exterior domain, namely u € C "‘3(@;\8;r ).

Similar to Han-Wang [21], using the Kelvin-type transform, we can improve the
asymptotic expansion (1.2) to higher order.

Theorem 1.5 Letu € CZ(EZ_\BD be a solution of (1.1). Then there exist a constant
b, € R and a function w such that

VA X

ux) =a—+b - x' +bpxn, + VA X | ——
" I\/Fx|2

) forx e @1\B1+.
(1.3)

and for some r > 0,

w=0 on VAR NB,.

where b = (b',b,) and A =1 — 1T|§bb|2’ A'=I1+b®0b.

In addition, w is C*% near the origin for any a € (0, 1). Moreover, forn > 4, if n
is even, then w € C®; if n is odd, then w € C"73’°‘f0r any a € (0, 1).

Remark 1.6 From the Taylor expansion of w near the origin, we can improve the
asymptotic expansion (1.2) to higher order.

Our idea of proof is inspired by [40] and [22] . We first prove the asymptotic
expansion (1.2) under the additional linear growth condition, see Theorem 2.1. In
this case, we only use tools from the theory of elliptic equations. We estimate the
derivatives of u at infinity, then use the Bernstein-type result in half spaces to prove
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that any blow-down limit of # must be linear. Next, using the maximum principle and
the Kelvin-type transforms, we prove the asymptotic expansion (1.2).

Without the linear growth condition, we now consider the blow-down of graph u
in the sense of currents. Combining the compactness and Bernstein-type results for
mass-minimizing currents, we can also prove that any blow-down limit of graph u
must be a half plane. Then by the uniqueness theorem of tangent cones, see Allard-
Almgren [1] or Simon [3, 37, 39], the limit half plane is unique; this half plane is
so-called the tangent plane of graph u at infinity. Moreover, graph u can be expressed
by the graph of some new function with sublinear growth over the tangent plane at
infinity. By virtue of the asymptotic expansion for this new function, the asymptotic
expansion (1.2) of the original solution u follows.

This paper is organized as follows. In Section 2, we derive (1.2) for solutions with
linear growth and then prove Theorem 1.1 in Section 3.

2 Asymptotic Behavior for Solutions with Linear Growth

Throughout this paper, we adopt the following notations.

() x =, x,) e R x R =R".
(i) B,(x) ={y eR": |y —x| <r}isaballinR” and D, = {y € R"*! : |y| < r}
is a ball in R"*!,
(iii) B;'(x) = B,(x) NR’.. B, = B.(0) and B;" = B;"(0).
(iii) X,(x) = B,(x) N9RY and X, = B, N IR’}
@iv) C = {(x', xp) : |x'| <r, 0 < x, < r}beacylinder, and T', = 3C,\{x, = 0}.
(v) Fori, jel,2,---,n,d;; is the Kronecker symbol, §;; = 1fori = j,and §;; =0
fori # j.
Without loss of generality, up to subtracting some constant from u, we may assume
thata =0and I(x") =b" - x'.
The main result of this section is stated as follows.

Theorem 2.1 Letu € Cz(ﬁr_:_\BI") be a solution of (1.1). Assume that u has at most
linear growth, that is

lu(x)| < K|x| inRL\B;", @.1)

for some constant K > 0. Then the asymptotic expansion (1.2) and (1.3) hold.

Throughout this section, C denotes a positive constant depending only on n and K,
whose meaning may be different from line to line. We divide the proof of Theorem
2.1 into three subsections.

2.1 Global C" estimates
In this subsection, we derive a global gradient bound in a smaller exterior domain.
Our approach is modified from [24]. First, we use the Bernstein technique to reduce

the global estimate to the boundary estimate.
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Lemma22 Letu € C 2(@1\3?‘) be the solution of the minimal surface equation

Mu =0in R \ET. Assume that u satisfies the growth condition (2.1). Then, for any
p > 1, we have

IVull @t ag) < € (14 1Vul o mnrass) 2.2)
where the universal constant C > 0 is independent on p.
Proof For any x¢ € R’ \B4 ,setr = 'x‘)' L Tt is clear that Bt (xo) C R" \B
Depending on whether xg is closed to 0R", we split the proof into two cases.

Case I: Boundary case. If Z,(x9) := B;(xo) N R # @, then X, (xp) C
BR'L\BB;‘. Set

v(x) =u(x)— inf u, M:= sup v
By (x0) B} (x0)

' = x0?)’
=14+ —, ={1-—) .
v =1+ n@) ( ) )
Consider the function
w(x) ==y )N log Vv, x € Q,
where Q, = {x € E:r(xo) : |Vu(x)] > 100}. Clearly, w is nonnegative in €2, and
positive in the interior of 2. Assume that w attains its positive maximum at yy € <2,.
Since n = 0 on 9 B (xg), then yg cannot belong to 3€2, N 9 By (xo).
If yo € 02, then either |Vu(yg)| = |Vv(yo)| = 100 or yp € X, (x0). For the first
case, we have
log |Vu(x0)|2 < w(xg) < w(yg) < 2log 100,
which implies |Vu(xg)| < C. For the latter case, we have

log [Vu(x0)|* < w(x0) < w(yo) < 210g [Vt oo(s, (xo))-

we deduce that |Vu(xg)| < C”V””Lw(am\afzj)'
If yo € Int(£2,), from the calculation in [42] or [20, Theorem 3.3.1], we get

M2
[Vu(xp)| < exp {C <1 + —2> }
r

Recalling that M = supg+, u —infg+ s u and [xo| = 2r + 1. From the growth
condition (2.1), we have M < 2K (3r + 1), therefore, |[Vu(xo)| < C.

Case II: Interior case. If B,(xg) C R" \B+ Similar as above, using the interior
gradient estimate of the minimal surface equation, see [42] or [20, Theorem 3.3.1],
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we can also get

2
IVu(xo)| < exp {c <1 + %)}

where w = OSCpt (v ) U = 2K (3r + 1), hence |Vu(xg)| < C.

In summary, combining all cases, since x¢ € E’j_\BIO is arbitrary, we obtain (2.2).
[m}

In the next lemma, we construct upper and lower barriers to bound the gradient of
u on the boundary.

Lemma 2.3 Letu € Cz(ﬁz_\B?—) be a solution of (1.1) with linear growth (2.1). Then,
”vu”LC’O(aR’_}_\aBﬁ)) <C, 2.3)

where C > 0 is a universal constant.

Proof By a rescaling argument, it suffices to prove that
IVull oo orr ng10<)x|<20p < € 24

In fact, if (2.4) holds, for any A < 1, define u; (x) = 2u(A~1x), then u;, also satisfies
(1.1) and (2.1). Applying (2.4), we get

||Vu||L00(3R10{10A—15|x|5201—1}) = ||VMA||L°0(8R1m{105|x|520}) <C

Notice that C is independent on A, and A < 1 is arbitrary, thus (2.3) holds.

Since u equals a linear function / on the flat boundary, then we only need to bound
the normal derivative 9,u. Denote ¥ = dR%. N {10 < |x| < 20}. For any xo € X,
same as [24], we construct a C 3 convex domain §2 around xo. Precisely, let

v (), 1 €0, 1],

_ s o2 83 34 2
1W)_35‘/; 2 tsh gt v = Vw2 —1), tell,?2],

and let @ = {(x', xn) : |’ —x0| <2+ ¥ (xn), 0 < x, < 2}. Such Q is a bounded C3
convex domain around xg.

Let n € C([0, 00)) satisfy 0 < < 1,7 = 0in [0, 1] and 5 = 1 in [2, 00).
Define

¢ (x) = 100K (|x — xol) + [(x)(1 = n(lx — xol)).

It is easy to check that ¢ > u on 9<2. Since Q2 is a C3 convex domain and ¢ € 3,
refer to [20, Theorem 2.6.1] or [19, Theorem 16.10], the Dirichlet problem

Mv =0 inQ,
v=2¢ on 02
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has a unique C%($2) solution v. By the comparison principle, # < v in . Note that,
u=1[=vonXNJIR, therefore

8nu(x) S 8nv(x) S ||Vv||Loo(§) S C, V.x e E ﬂ 89,

where C > 0 is universal. Similarly, we can construct a lower barrier to get the lower
bound. Finally, we cover X by finitely many such domains ¥ N 92, hence we get
”8nu||L°°(E) <C. O

Combining Lemma 2.2 and Lemma 2.3, we know that

Therefore, the minimal surface equation becomes uniformly elliptic in an exterior
domain.

2.2 Blow-down argument
It is well known that the blow-down limits reflect the behavior of u at infinity. In this
subsection, we first prove a decay estimate of D?u, then we use this estimate and the
Bernstein-type result in half space to show that the blow-down limits of # must be
linear.
Lemma24 Letu € CZ(KZ\BT) be a solution of
. anpt

Mu=0 inR}\By,

u(x’,0) =1(x") on 8R'_f_\83+,

u(ol < Alxl” in Ri\BY,

for some constant A > 0 and y < 1. Then form = 1, 2, we have
ID™u(x)| < Clx|”™™, in RL\B, (2.5)

where C > 0 depending only onn, A, y.

Proof By the result in subsection 2.1, we have ||Vu ||Loo@" \B) <C=C(n,A),thus
+\B4q0

the minimal surface equation is uniformly elliptic in Ki\B[&).
For any fixed R > 100, we will show that | D" u(x)| < CRY ™™ ondBrN{x, > 0}.
Case I: Near the boundary. For any xog € d Bg N {x,, = 0}. Set

()_4 LR B,
= = - ) € )
ney RM X0 4)’ y 2
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thenn € C 2(E;r) satisfies

Mn=0 in B,
n(y',0) =1(y') ondB; N {x, =0},

where l~equals I plus some constant. By the boundary C!-¢ estimate for quasilinear
equation, see [19, Chapter 13], there exist constants & € (0, 1), C > 0 depending only
on n, A, such that

||n||cl,0((§rr) S C

Leta'l (p) = 8j — {4, then la? (V) o+, < € and Al < ajj < Al in B,

for some universal constants 0 < A < A < oo. By Schauder estimate, for m = 1, 2,
we have

4lmem71”Dmu“Loo(Bg/S(xo)) = ||Dmn||L°°(BI+/2) = C||77||Loo(3;r) = CRV71~

Hence, |D"u(x)| < CRY™™ < C|x|”™™ in B;”/S(xo).
Case II: Interior case. This case is easier. For any x € dBr N {x,, > R/8}. Set

0 = 2u(x+ 2 e B
ﬁy—Rux 32)’,)7 2-

Applying the interior C!-¢ estimate, see [19, Chapter 13], and the Schauder estimate,
we can also get

321 RN D™ u(x)| = D™ n(0)| < Clinllzeos,) < CRY ™.

Hence, |[D"u(x)| < CRY™™ = Clx|"~™ in dBgr N {x, > R/8}.
Combining the above two cases, the proof is complete. O

Remark 2.5 By repeating the above argument to improve the regularity of », we can
get the corresponding decay estimates for the higher order derivatives D™ u, m > 2.

Now let u € C2(R",\B;) be a solution of (1.1) with linear growth (2.1). For any
A > 0, consider the rescaled function u; (x) = ("), x € Ei\B*’, then u),

satisfies
. onvgt+
Muy =0 in R \B, ,
u,(x") =1(x') = b"-x' on IR%\B;", (2.6)
|D™u5(x)] < Clx|'™ in Ri\Bj,, m=0,1,2.

Using the Arzela-Ascoli theorem and a standard diagonal argument, for any A N\ O,
there exists a subsequence (still denoted by {Ar}), such that {u;,} converges to a
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function u in ClloC (EZ\{O}). We claim that u is a linear function. In fact, from the
CllOC (E:_\{O}) convergence, s, € C 1(]Rf|’_) nc (Ki\{O}) solves the minimal surface
equation weakly in R’|. By the interior regularity of the minimal surface equation,
Uso € Cz(Rﬁr). Note thateachuy, satisfies the linear growth condition |u;, (x)| < C|x|

in Ri\Bﬁ)oxk’ passing to the limit, we get |uxo(x)| < C|x] in ﬁi\{O}. Therefor_e, 0
is a removable singularity by defining #,(0) = 0. Hence u € Cz(Ri) N C(Ri)
satisfies

Miug =0 in R,
Uso(x',0) =1(x") =b"-x" ondR/.

From the Liouville theorem in half space, see [14, 24], u is linear. Moreover, there
exists b, € R, such that use(x) = b-x = b - x"' + b,x,, where b = (b', b,,). In
the above argument, the blow-down limit obviously depends on the choice of {i;}.
However, in this situation, the blow-down limit is unique.

Let v(x) = u(x) — b - x, then v satisfies

all(Vu)dijv =0 in RT\B g,
v=0 on _3}11&'1\33150, 2.7)
)] < 2K|x|  in R \Bj,

pipj
1+[pl?

elliptic in R, \ETOO, with some universal ellipticity constants 0 < A < A < oo.

where a'/ (p) = 8;; —

Since Vu is bounded, we know that a;; is uniformly

Lemma 2.6 |[v|, g\ g+ < C for some universal constant C > 0.
(R\Bjng)

Proof For any r > 0,1etC, = {(x/, x,) : |x'| <r, 0 < x,, < r}be acylinder, and let
Iy := dC\{x, = 0}. ', is the boundary of C, except the bottom.
. . —n
Sinceu, — b-x in Clo (R \(0)), wehave | Voll oo _y) = | Vauz, —blizry) —
k

0. Therefore, for any ¢ > 0, there exists A, < 1/100, such that

[Vu| <¢e, onl,-1.
Mo

On aBl‘BO N {x, > 0}, by the linear growth of v, we have |v(x)| < 200K .

On F)\k—] N{lx'| = )Lk:l}, using |Vv| < & and v|{x/|>100,x,=0; = 0, we get [v(x)| <
£Xp. ¢
Similarly, on Ly Nfxy = 2 '} wehave [u(x)| < Maxy o) lol+er <
2exy. ’
By the maximum principle, we obtain,
[v(x)| < 200K + 2¢x, in EXZI\BTOO.
Sending ¢ to 0, we conclude ”v”LC’O(@i\BfB()) <C. O
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Remark 2.7 By simply modifying the proof of Lemma 2.4, we deduce that
|Vu(x) — bl = |[Vo(x)| < Clx|"" and [D?v(x)| < Clx|72 inRL\Bj  (2.8)

In particular, Vu tends to b at infinity, which implies the blow-down limit of u is
unique and the tangent plane of graph u at infinity has the normal vector (=b.1)

N

2.3 Asymptotic expansion

Now we are ready to give the proof of Theorem 2.1. We first construct the upper
barrier to prove the 0-order expansion, then improve it to higher order by a Kelvin-
type transform.

Lemma 2.8 Let v(x) = u(x) — b - x as above, then there exist universal constants
C > 0, Ry > 1000, such that

Cx,

(VP + @ -272)

lv(x)| = |u(x) —b-x| < in E:EL\B;].

Proof From (2.7), (2.8) and Lemma 2.6, v satisfies the following uniformly elliptic
equation

i . -+
v=0 on AR \d B\,
()| < C in R, \ B0,

— . —-n
IVo)| < Clx|™! in R\ B

where a'/ (Vu) = 8ij — % Since |Vu(x) — b| = |Vu(x)| < C|x|~!, the coeffi-

cient matrix tends to a constant matrix at infinity with the same rate, that is,
ii i j -1 ..
la’ (Vu(x)) —agh] < Clx|™" in RL\Bi,, (2.9)

bib;
T+[b? y
0 <A < A < co. We now denote the uniformly elliptic operators a'/ (Vu)d;; and

where ay, = 8ij— tisclearthat AJ < (adl) < AT for some universal constants

aééa, j by L and L respectively.
We shall construct a barrier to bound v at infinity, our argument is modified from
[18, 23]. Let

Xn

(VisP+ - x2)"

h(x) =
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Xn
x|7°

IVA(X)| ~ |x]7", |ID2h(x)| ~ |x|™" " in R+\BIOOO' Here the notation f ~ g means
cg < f < Cg for some universal constant ¢, C > 0.
Consider v = h — h* for some « > 0 to be fixed later, then

From a direct computation, one can check that Lok = 0 in R \{0}, and 2 (x) ~

= 0;h — ah® '9;h,
;v = (1 —ah® Nd;jh — (e — Dh*28;hd;h.

Thus Lot = (1 —ah® Y Loh —a(e — 1)h* 24" :hd;h. We choose o € (1, 2), then

Lov = —ala — Dh*2ald;hdjh < —a(a — AR 2| VA
a—2
1
< —Cia(@ —1) ( n ) _

|x|" x|

Moreover,

\D*0] < Cs (|D2h| + DR + h“*2|Dh|2)

c 1 NEL a=l NEL =2
=2\ e e\ x|
1 x \72 1
ol ——+—=) —].
- 2(|x|"+‘ <|x|"> 2

LY = (a" (Vu) — al)d;;v + Lov

—c 1 1 NED =2 Cra@—1 (2 =2
=2 \ e U x| ! x| x|
2

Therefore,

Cy <C2 x4
= — Cio(a — 1)) L
|x|n+2 x| ||
If |.X| > m, then
T ala — 1) x¢72 - C RCIC)) X202
v J— [—
- |x|n+2 2 |x|ne ) — |x|n+2 2 |x|no¢fn72

c al@—1) 1
= |x|n+2 (1 o 2 |x|na—n—a> :

Therefore, if (n — 1)a — n < 0, i.e. we fix some a € (l, nnTl)’ then there exists a

universal constant Ry > 1000, such that Lv < 0 in Ki\B;{O.
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For any r > 0, same as Lemma 2.6, let C,, ', be the cylinder and its boundary
without bottom respectively. Define &, be the ellipsoid {|x|> + (b - x)? < 2}, and let
EF = & NRYL. We choose R; > 1000 satisfying B;O C 5;{1. It is easy to see that
Ex C BE.

On 3R1\33+0, we have v = v = 0. Then on 88;1 N R’}. By the boundedness of
Vv, we have |v(x)| < Cx,. Now

X x< ~ ~
B(x) = — = > C 'k, = C ()| ond€F NRY.
Rl Rl

From the proof in Lemma 2.6, for any ¢ > 0, there exists a R, > 1000, such that
[Vv| < e onI'g,, thus [v(x)| < 2ex, on I'g,. Consequently,

L(Cv +2ex,) < Lv =0 < L(-Cv — 2ex,) inCr,\Ex .
—Cv — 2ex, <v < Cv+ 2exy, on 8(CRE\5;I).

By the maximum principle, we get
lu(x)] < Cv +2¢x, inCpg, \5;}.

Sending ¢ — 0, we finally prove that

Xn

(VRE+ @ 0?)"

(x)| < Cv<C

. =N
in ]RJr\B;1 ,

here we used the fact 8;1 - B+1’ the proof is complete. O

Remark 2.9 Same as Remark 2.7, applying the modified Lemma 2.4 withy =1 —n,
we can improve (2.8) to

[Vu(x) — b| = |Vo(x)| < Clx|™" and |D*v(x)| < Clx|™""! in @1\B;§2, (2.10)
for some R, > Rj. Moreover, the asymptotic behavior of higher order derivatives

follows from Remark 2.5.

Proof of Theorem 2.1 Step 1. Kelvin type transform. We first introduce some notations.
Set

AG) = (@ (V) = T — Vu(x) @ Vux) _ (5” u;i (x)uj(x) )

1+ |Vul? T Va2

. b®b bib;
S AN — . 7
A‘“’““"W‘(‘*J‘ 1+Ib|2)'

One can easily check that A~ = T + b @b = (8ij + bibj). From (2.10), we have
|[A(x) — A] < C|x|™ in Ri\B;{z. Let H = ~/A~'R" be a new half space, and
dH =~/ A~19R’, be its boundary.
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=

Introduce a new variable z = A and let w be a function on H N B,, for
some ro > 0 such that

Al —
ux)=b-x + VA x> "w| ———| forx e R,\B}. (2.11)
| /A_1x|2 + Ry

Clearly, w is smooth except the origin. From a direct computation, we have
2" Aw(z) = tr(AD%u(x))
Since tr(A(x) D%u(x)) = 0, we know that f(2) := Aw(z) satisfies
If @] < Clzl™"?|A@) — AllD*u(x)| < ClzI"™" in H 0By, \{0),

for some r; > 0. Since n > 2, then f_e 6;0’1 (ﬁ N Erl). By the boundary Schauder
estimates, we deduce that w € C2*(H N By, p2) for any o € (0, 1). Consequently,

1 _
w(z)—w(O)—Vw(O)-z—EzTDzw(O)z <ClzI** inHNBr. (2.12)

2

Moreover, since u(x) = b-x on 8]Rf|’_\8 B+, wehave w = Oon d HN B, which implies

that all tangential derivatives of w along d H at 0 must vanish. Denote &; = v A~ le;,
i=1,2,---,n,hereeq, -, e,_1 are tangential vectors of d H. Hence

w(0) = Vew(©0) = D2, w0) =0, i,j=1,2--,n—1

n
Note that [vVA=Ix]2 = xT A7 x = |x|2+ (b-x)2, thenz = i; W Under the

x coordinate, (2.12) becomes

w(0)xxp

(\/m)n—Z (M(X) —b. x) - Vs,,w(O)Xn Z gjg

x|+ (b - x)? (Ix2+ (b - x))°

c (\/|x|2 + (b -x)2)

Letc, = V,,w(0) andd; = D? , w(0), j = 1,2--- ,n, then we get

Ején

n
CnXn djxjxn

ux)—>b-x — n~|—Z

(Vir+ox2) S (Ve ea2)

<Clx|™"*

in ﬁi\B;} for some R3 > R, and any « € (0, 1).
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Step 2. Higher regularity of w. Using the relation (2.11) and the minimal surface
equation for u, we compute the explicit equation that w satisfies.
Differentiating the relation (2.11), we have

wp =bi + 12" 2P, wij = 2" ? (Qik Qjiwn + Rij) (2.13)
where

P = |z[X(ei, Vw) — [(n — 2)w + 2(z, Vw)(e1,2),  Qix = eixlzl> = (&0, 2) 2k
Rij = —[(n — 2)w + w(z, Vw)llz|* (e, ;) + nl(n — 2)w + 4(z, Vw)l(e:, 2) (e, 2)
— nlzl[{ei. 2)(ej. Vw) + (g, 2)(ei, Vw)).

Now the minimal surface equation (1 + |Vu|2)Au —ujuju;j = 0 becomes

2 2 2 2
0= [(1 + ‘b+ 2"~ P‘ )5,;, = (bi+ 12" Pi) (bi + ]zl Piﬂ i
= [(1+ |b*)8ij — bibjlui
+ 12" *2(b, P)8i; — bi Pj — b; P} Qi Q jrwis + Rij}
+ 12O P P8, — P P Qik Qjiwi + Rij).

Note that the first term = (1 + |b|*)tr(AD?u) = (1 + |b|?)|z|"t> Aw. After a lengthy
computation and rearrangement, we finally get

(1+ |b|2)§lkz 12" fa(z, w, Vw)
+z"H (2, w, Vw) +z|" 72 f5(z, w, Vw)

= 2.14
a2 M o w, V) [T ) 220 fe(z w, Vo) (2.14)

+z| = £ (2, w, V) +z17 f7(z, w, Vw)

Here fl.kl and f; are polynomials in terms of z, w and derivatives of w. Taking f; lkl asan
example, we have flkl (z, w, Vw) = —4(n—2)+/1 + |b|2(b, z)zxz;w. The expressions
of other terms are too lengthy and therefore not explicitly presented here.

We notice that |z|"~* and |z|" 2 are not smooth for odd n or small n. For n > 4, if
n is even, then the coefficient and the right hand side of (2.14) are smoothly dependent
on w. Recall that w € C>*(H N Erl ,2) forany o € (0, 1), By the boundary Schauder
estimate and the bootstrap argument, u is smooth near the origin. If n is odd, since the
term |z|"~*is C"~>!, then we can only improve the regularity of w to C"~>%(HNB,,)
for some rp, > 0. O

3 Proof of Theorem 1.1 and Theorem 1.5
Without the linear growth condition (2.1), we lack the decay estimates, namely Lemma

2.4, hence we cannot ensure the convergence of the blow-down sequence {u;}. Geo-
metrically, this problem is not caused by a geometric defect in the surface we are
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studying, but rather by a defect in the function u that represents this surface. There-
fore, we now focus on the surface itself, rather than its representation function u.

We first introduce some preliminaries about geometric measure theory, one can
refer to [38] for details. Denote the k-dimensional Hausdorff measure by H*. Given
an open subset U of R"*!, D¥(U) denotes the space of all smooth k-forms with
compact support in U.

A k-current in U is a continuous linear functional on DX (U), the set of all k-currents
in U is denoted by Dk (U). The boundary of a k-current 7 is defined to be a k — 1
current 07 € Dj_1(U) satisfying

AT (w) = T(dw), Yo e D).

A k-current T is said to be integer multiplicity rectifiable in U, if there is a countably
k-rectifiable subset M7 of U, an HX_ M7 -measurable simple unit k-vector 7 orienting
T, My for H*-a.e. x, and an H*_ M -measurable positive integer valued function 67,
such that

T(w):/ (w, E7)0r dHF, Yo € DFU).
My

Here the integer valued function 67 is called the multiplicity function of 7. In this
case, the corresponding mass measure of 7' is ur = Or dHk LMr, i.e. for any open
W cU,

My (T) = pr (W) =[ or dH~.
MrNW

An integer multiplicity rectifiable k-current 7' is said to be infegral if both ur and
War are Radon measures. An integral k-current 7 is said to be mass-minimizing in
an open set U’ C U, if for any W CC U’ and any integral k-current S in U’ with
a8 =0, sptS C W, we have

Mw (T) < My (T + S).
Remark 3.1 Let M be a k-dimensional oriented C' submanifold of an open set U C
R+ and let the continuous function E(x) = £11 A --- A T¢ be the orientation of

M, where 11, - - - , T is an orthonormal basis for 7,y M. Then there is a corresponding
multiplicity 1 rectifiable k-current [M] € Dy (U) defined by

[[M]](a)):/ (w,&)dHF, Yo e D).
M

Remark 3.2 Let E be a subdomain of R"*!, then [E] € Dyp+1(U) is integral if and
only if the characteristic function yg € BVjoc(U), or equivalently, E has locally finite
perimeter in U.
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Now we prove Theorem 1.1. Our idea is to view graph u as a multiplicity 1 integral
current, then use the compactness theorem to extract a convergent subsequence of the
blow-down of graph u. By the rigidity of mass-minimizing currents in half spaces, the
limit must be a half hyperplane. Finally applying the uniqueness theorem of tangent
cones and Theorem 2.1 to conclude the result.

Proof of Theorem 1.1 and Theorem 1.5 Let G = graphu = {(x,u(x)) € R**! : x ¢
R% \ET}, Then G is a C? hypersurface in R"*+!. Equipping G with upward orientation,
then G can be viewed as a multiplicity 1 integral n-current in R”*!. Since u solves the
minimal surface equation in R’_;\ET, then G is mass-minimizing in (Ri\ET) x R.
Moreover, G has the following form

G = auU]]L<(R1\§1+) x R) ,

where U = {(x, x,41) e R"! 1 x e R’}F\E;r,x,ﬁl < u(x)}.

By simply modifying the proof in [19, Chapter 16], we have the following upper
volume bound: for any ball D, (y) ¢ R"*!, there holds H"(G N D,(y)) < Cr", for
some universal constant C > 0.

Similar as before, for any A > 0, let u) (x) = (A" 1x), and let G, = graphu; =
{(x,u;(x)) € R**1 . x ¢ Rﬁ\ﬁ:}. Then G, can be also viewed as a multiplicity
1 integral n-current in R”*! which is mass-minimizing in (Rﬁ_\ﬁ:) x R. Moreover,
G, also has the form

Gy, = U (R}\B) x R)

where Uy, = {(x, x,41) € R" 1 x € Ri\E;,an < u) (x)}. The upper volume
bound also holds for G;.

Using the standard compactness theorem, see [38, Chapter 7], for any A N\ O,
there is a subsequence (still denoted by {A;}), and a multiplicity 1 integral n-current
T = 3[[V]]|_(]R'j_ X ]R) such that 7 = limy G;, in the sensee of weak convergence
of currents, and XUy, = XV in LIIOC(R’i x R), H".Gj, — H"csptT in the sense of
Radon measures. Moreover, 7' is mass-minimizing in R'jr x R.

Note that u has linear boundary condition, i.e. u(x", 0) = I(x") on R’ \d BT, we
extend [ to the whole R” by defining I(x’, x,) = [(x"). From [14, Lemma 2.2], each
G, has the following form

G = (ET = [Lx D) (R \(Bry x B))
where

Ej, = Up, U{(X, X, x041) € RT™IN(By, xR x, < 0, 5041 < 1(x', X)),

Ly, = {(, X0, xp11) € R"TIN\(By, x R) 1 x, < 0, %541 = 1(x', x)).
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Passing to the limit, we deduce that T has the form
T =9[E] - [L].
where

EN®RL xR)=VNRLxR),
E\ (@1 X ]R) ={(x', Xpy xpp1) € R i x, < 0, X041 < 1(X, x0)),

Rn+1 1xp <0, x40 = l(-x/a Xn)}.

L ={(x', xy, Xpt1) €
Therefore, by the Bernstein type theorem for mass-minimizing integral n-currents in
half spaces with linear boundary, see [14, Theorem 1.2], we deduce that T = [H ]| for
some half hyperplane H in R"*!. Applying the theorem of the uniqueness of tangent
cones, see [1] or [3, 37, 39], the half hyperplane H is unique, i.e. it is independent on
the choice of {Ar}. Moreover, choosing a new coordinate on H, G can be expressed
by the graph of a function & with sublinear growth over the exterior domain in H. To
be specific, there exist sufficiently large R» > Rj, and a function 4 € C 2 (H\Dg,),
such that

G\Dg, ={y +h(y)v:y € H\Dg }\Dg,, 3.1
where v is the unit normal vector of H.

Claim 1 The function h has sublinear growth, that is
h(y) = o(]y|) or equivalently, ‘ llim —— =0

Proof of Claim Following the argument in [37, Section 7] and [3% Part II, Section 5-6].
We express G\ Dg, by the "spherical image" of some function i € C?(H\Dg,), that
is,

+ h(y)v
G\Dg, = | ——2Y_ .y c H\Dg, } \Dg,. (3.2)

Ih(y)|?

1+
|yI?

Set ¥ = H N S", under the polar coordinate (w, p) = (ﬁ, |y|) € X xRonH.
Define t = log Rﬁl, and

h(pw)

Uw,t) = , for (w,1) € T x (1, 00).
0
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Now u solves a certain evolution equation that was investigated in [37, 39]. BX, [39,
Theorem 5.7, P26Z—270], we have u(w, t) tends to 0 as ¢+ — oo. This implies 4 has
sublinear growth: h(pw) = o(p) as p — oo.

Next, we study the relation between expression (3.1) and the “spherical image”
(3.2). Suppose p € G\ Dg, can be expressed by

¥+ hG)w

y+h(y)v=p=

Comparing the coordinates, we get

From the first identity, we have |y| < |y|. Hence

kM R (T~
—— =—"==u(=,1y)] =0, asl|y|l— oo.
Iyl Iyl Iyl

Now the claim is proved.
Claim 2 H can not be vertical, that is v - e,4+1 % 0.

Proof of Claim Suppose to the contrary that H is a vertical half hyperplane, without
loss of generality, we can assume v = ¢; for some j € {1,2,---,n}. Since G is a

minimal hypersurface in (R’ \E;L) x R, we know that & also satisfies the minimal
surface equation under the coordinate on H . Since 4 has sublinear growth, by Theorem
2.1, we deduce that 2(y) = a + O(ly|'™). In particular, % is bounded, which means
that the height of G in the e; direction must be bounded. It contradicts the definition

of G. Since G = graphu, and u is defined on KZ\BJ’, then in the e; direction, G
must be extended to infinity. Therefore, the claim holds.

Since v-e,11 # 0, then we can assume that H = {(x/, x, x41) : X > 0, x40 =
b - x}, where b = (b', b,) for some b, € R. Under the coordinate on H, h has
the asymptotic expansion i(y) = a + O(|y] I=ny 1n particular, 4 is bounded, which
implies that # has at most linear growth. Applying Theorem 2.1, the proof is complete.
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