CONCAVITY OF THE SUPERCRITICAL SPECIAL LAGRANGIAN
EQUATION

FAN ZHENYU

ABSTRACT. In this note, we show that the special Lagrangian equation F(DQu) =
>, arctan A;(D?u) = © is concave when © > (n —2)%. This result was first proved by
Yuan [Yua06].

1. INTRODUCTION

Let u be a smooth solution to the special Lagrangian equation:

(1.1) F(D*u) = Z arctan \;(D?*u) = © in Q C R™.
i=1

For any direction e € S*~ 1, we differentiate (1.1) with respect to e, then we get the
linearized equation:

oF

(1.2) Fuej =0 in Q, where FYV =
(029

(D?u).
Denote Ap = FJ 0;j, it is called the linearized operator of F' at u. Now (1.2) is equivalent
to say that Apu. = 0. Differentiating ((1.2) with respect to e again, we get

ij ij,kl - ikl *F 2
(1.3) F9%eij + F*7" ueijuery =0 in Q, where F*/" = ———(D*u).

auijaukl
The third order term Fij’klueijuekl is the bad-term. However, if we know the sign of this
term, then uee is the sub-/supersolution to the linearized operator Ap. This is crucial
in the study of fully nonlinear elliptic equations.
The main result of this note is following:

Theorem 1.1 (Yuan). The third order term A := F9*ugupy <0, when © > (n—2)3.
Remark 1.2. By symmetry, A > 0 when © < (2 —n)3. The phase || = (n —2)7F is
called the critical phase.

Remark 1.3. Theorem means that the Evans-Krylov estimate holds for ([1.1) when
0] > (n—2)5.
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2. DERIVATIVES OF EIGENVALUES

Let u be a smooth function on 2, and let A\; > Ay > --- > A, be the ordered eigenvalues
of D?u. We shall compute the derivatives of \; with respect to the matrix item u;j in
this section.

Fix any p € €, by choosing a proper coordinate, we can assume that D?u(p) is

diagonal, i.e. D?u(p) = diag{)\l(p), <+, An(p)}. We also assume that A;(p) > Aa2(p). We

only compute a)\l and 81? g; The computations of derivatives of other eigenvalues are

similar.

By the definition of eigenvalues, we have 0 = det(D?u — A1) in Q. Let &, be the
group of n-permutations, and let D?u — A\ I = (Mab)1<ab<n, that is mey = gy — A gp.
Then

(2.1) 0=det(D?u—MI)= > (=1 Wm0y M.
ceG,
e 1st order derivatives: differentiating (2.1)) with respect to u;;, we get
sgn o - 877’L —
(22) 0= Z Z 8’[1,” Mio(1) """ Mao(a) " Mno(n)-
ceG,

Here the sign”means that the term is omitted. Note that (mgy) is diagonal and m;; =0
at p. In order to ensure that the term myq(q) - - '”m) " Mpg(n) 0 the sum does not
vanish, we must have o = Id and my; is omitted. Therefore, at p, (2.2 becomes

omi1 O(u11 — A1)

mag - Mpp =
0u¢j

Hence, we have at p,

0= (A2 = A1) (An — A1),

ﬁuij

O(uir — A1) 0Nt Ounn _ oy
S0 = gl

(2.3) b

e 2nd order derivatives: differentiating (2.2) with respect to ug; again, we get

O — Z sgn 0') Z auz]@/LLkl ( ) .. mao_(a) . mno_(n)

O’GGn

n(o 8mao (a amba b — —
i Z (_ sg )ZZ ) ()mlg(l)"'maa(a)"'mba(b)'”mNU(”)'

0GR a=1bta Ouij  Oum
=I+1I.
For I, similar as before, we have at p,
82m11 82(1011 - )\1)
2.4 I=— My = —————— (Ao — A1) - (A — A
( ) Buijaukl a2 Mn 8uij8ukl ( 2 1) ( " 1)
0%\
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For I1, in order to ensure that the term mi4(1) * Mao(a) *** Mpo(b) =" Mno(n) I the sum
does not vanish, we must have o(k) = k for k # a,b and mq; is omitted. Then o has
only two choices: the identity Id and the swap (ab). Besides, one of a,b must equal to
1. Therefore, at p,

j : Omi1 Omyg — Omiq Oma1 —
II = 2 au ] au m22 .. maa DY mnn —_— 8u ] 8u m22 DY maa DY mnn
a>1 Y ki as1 Ui ki

Omq1 Omag, —

m22 -+ Mgaq " Mpn
a1 8uij 8ukl

By (2.3), the first term vanishes at p, then

(2.5)
(A2 = A1)+ (A — A1) (A2 = A1) (A — A1)
I =— 01304;0ak0 — 0ai01;01k04 .
Zl §0akO11 N =\ Z 1591k0al =\
a>1 a>1
Combining (2.4)) and ([2.5]), we have
32>\1 ()\Q*Al)"'()‘n*)\l)
=I+1T=————D23—X) - (AMp— A1) — 01300;0ak0
0=1+ By 2 ) G =2 ; 1i00j0ak 011 T
S by P2 A e = M)
>\a - )\1
a>1
Hence,
0*\ 1
2.6 — = 01304;0ak0 04i01;01k0q1) ———
@) _ oo fi=l=lj=k=aori=l=aj=k=1;
0, else.

We summarize the above computations by the following proposition.

Proposition 2.1. Let u be a smooth function on 2, and let Ay > Ay > --- > A\, be the
ordered eigenvalues of D*u. Assume that D*u is diagonal at p, then

O0Aq _5aa_{1 i=j=a;

an —
8uij J
and

1

%\,
= § (04i0jObk0al + Obidajlakp) ~————
Ao — b

8uij8ukl N ba

_ ng, ifi=l=aj=k=bori=l=bj=k=a;
0, else.
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3. PROOF OF THEOREM [L.1]

We prove Theorem pointwisely. Fixed any p € Q, we may assume that D?u(p) is
diagonal. We first compute F% FJ:5 at p. By Proposition at p, we have

1

7 aF 8)\ r aa 72’ Z = ]
F]_Za)\ du; 21+)\25U: 1+
K ) else.
TLO9PF 9N, O OF 92,
sz Kkl a
a; a)\ a)\b 8“‘1] aukl Z a>\a au”({)ukl
e i=j=k=1
- #&ig) i=kyj=landi#j

0 else

Now the third order term A = F ijvklueijuekl in Theorem has the following form at
p:

n

ij,kl _ 1,11 2 K
A= F" ugijuer = E F*%ug, + E F9ug,
i=1 i#]

' Ai + A
=-2 M 2 o
; (1 + )\?)2“622 ; (]_ + )\12)(1 + )\2) Ueij
= _2A1 - AQ.
Proof of Theorem |1 -. It suffices to show that A;, A2 > 0 when © > (n — 2)7,

_ )\z‘ /\i+>\‘ 2
where Ay =33, -3y uZ; and Ag =37, T Yeis
If Ay > --- > A, > 0, the conclusion is obvious, then we assume A, < 0 in the
following.

# Claim 1. We have \y > --- > X\,_1 >0 > A\,

Let 0; = arctan \;, by the equation (1.1)), we have 61 +--- 46, = © > (n —2)5. Note
that #,, = arctan \, <0, if 6,,_1 <0, then

T
O+ +0,<01+---+0,2< (n_2)§’

which leads a contradiction. #

# Claim 2. For any 1 <1i,j <n with ¢ # j, we have A\; + \; > 0.

To see this, it suffices to show that A,—1 + A, > 0. Since 0,,_1 + 0, =© — (61 +--- +
0p—2) >0 — (n—2) >0, and 0, 1 + 0, < 0,1 < 7, then
)\n—l + )\n
1- )\n—l)\n.
Since A,_1A, < 0, then we get A\,_1 + A\, > 0. +#

0 < tan(fp—1 + 0,) =
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From Claim 2, we can easily see that A > 0. Next, we focus on A;. Denote t; = uei;,
then

n

Al:zml Zt tan 6; cos® 6;.

By the linearized equation (|1 , we have

n

OZFUUGZ‘]‘ 214_)\2“6” Ztcos 0;.

Then, by the Cauchy inequality, we have

n—1 2 n—1 n—1
1
t2 cos* 6, = Ejti 29, < E:ﬁ 49, tan 6, Ej .
7, COS ( cos ) < < ; COS an tan0;

=1 =1 =1

Note that tan6,, < 0, then

n—1 N1
tan 0, tan 6,

A1 2 (Z t7 cos’ 6; tanei) (1 + Z tzne ) = (Z t7 cos 0; tan@,) (Z tzne ) _
no; no;

i=1 =1

In order to prove A; > 0, we only need to show that ). <0. Let a; = Z —0;, then

>ty = Do tanai.
# Claim 3. ), tano; < 0.

% tan@

Since we have assumed 0, < 0, then (n—2)7 <O <01 +--- 40,1 < (n—1)F. Hence
o+ - +an—n2—@€(2, ],thuswehave

tan(ag + -+ 4+ ap—1) + tanay,
1 —tan(ag + -+ ap_1) tanay,

(3.1) 0> tan(ag + -+ ay) =

Fori=1,---,n—1, we have 0; € ( ,2) then «o; € (O,g). Since 6,, € (—g,O), then
oy € (g,ﬂ‘). Therefore,

T
O<a1+”'+an—1:(a1+"'+an)_an<5’

which means tan(ay 4+ - - + a,—1) > 0. Since tana,, < 0, by (3.1)), we have
(3.2) tan o, + tan(ag + -+ + ap—1) < 0.
Note that

tan(ag + -+ - + Ozn,Q) + tan a1

0<t ‘
an(oq + -+ Oy — 1) 1— tan(ozl + 4 Q{n72) tan Ap—1

Since ap_1, 1 + -+ Qp_g € (0, g), then we have tan(ag + -+ + ap—2), tan ayp—1 > 0.
Hence 0 < 1 —tan(ag + -+ + ap—2) tan a1 < 1, which means

tan(ag + -+ - + ap—1) > tan(ag + - - + ap—2) + tan oy, 1.
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Repeating the above argument, we finally have
(3.3) tan(ag + -+ + ap—1) > tan(ag + - + ap—2) + tan a,

> tan(ag + -+ + ap—3) + tana,—o + tan ay, 1

> .o
>tanag; + - +tanay,_1.
Combining (3.2)) and (3.3)), the proof is complete. O
I (H2) +m ($2) +1n (32) = 100
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